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Abstract

A frequency source supposed fo serve as a stan-
dard requires feedback for short-term and long-term fre-
guency control. A spectral discriminant for short-term
control may be provided, in the microwave regime, by a
hyperfine resonance of a multi-ion ensemble confined in
an electrodynamic trap, and in the optical regime by an
eigenmode of a focal Fabry-Pérot cavity. For long-term
frequency control, resonances of single trapped ions are
discriminants of superior accuracy although the con-
trolled frequency shows random fluctuations caused by
noise on the feedback signal. Its fundamental comtribu-
tion is quantum projection noise. The detection of fluo-
rescence for the generation of feedback is incompatible
with the ions being prepared in a superposition state in
the excitation by the wave emitied from the oscillator,
Attempts of circumventing this limitation by preparing
ensembles aof correlated ions prior to the measurement
(spin squeezing) are reviewed.

: Key words : Prequency standard, Frequency control, Optical

resonator, Short term, Long term, Frequency stability, Ion irapping,
Multiple resonance, Quanium effect,

BRUIT D’UN ETALON
DE FREQUENCE A ION UNIQUE

Résumé

Une source de fréquence destinée a servir d étalon
nécessite une rétroaction pour la commande & court et
long terme de la fréguence. Un discriminatenr spectral

pour la commande & court terme peut étre fourni, dany

le régime microondes, par une résonance hyperfine d un

5<25='—'

ensemble multiionique confiné dans un piége électrody-
namique ‘et dans le régime optique par un mode pro-
pre d'une cavité focale de Fabry-Pérot. Pour la com-
mande de la fréquence & long terme, les résonances
d'ions piégés isolés sont des discriminateurs de préci-
sion supérienre, bien que la frégquence commandée mon-
tre des fluctuations aléatoires dues au bruit affectant le
signal de rétroaction. La contribution fondamentale de
' article est le bruit quantique de projection. La détec-
tion de la fluorescence pour la génération de la rétroae-
tion est incompatible avec les lons préparés dans un
état de superposition & partir de I' excitation par I onde
émise depuis I' oscillateur. Les fentatives pour contour-
ner cette limitation en préparant des ensembles & ions
corrélés préalablemens & la mesure (la compression de
spin) sont présentées.

Mots clés : Etalon fréquence, Commande fréguence, Résonateur

optique, Conrt terme, Long terme, Stabilité fréquence, Piégeage ion,
Résonance multiple, Effet quantique.
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'L INTRODUCTION

The measurement of time ranks among the most fun-
damental and venerable kinds of measurement for both
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its practical implications and ontologic connotations [1].
Clocks count periods of invariant periodic motion. While
the stability of the periodic motion of cosmic bodies has
to be relied upon, when these periods are decided to
define the iime scale, man-made oscillators have used
feedback in order to contral an oscillator’s phase and
frequency by applying a synchronous drive. Pendulum
clocks, quartz oscillators and cesivm atemic clocks like-
wise work along this principle. The more compact and
simple the reference of phase or frequency, the better it
is potentially screened from ambient perturbations that
shift the mean frequency of the controlled oscillator or
make ifs phase fiuctuate, It is the technical level of an
epoch that determines how fundamental a reference may
suffice for controlling the clock at the aspired level of
phase stability.

Quantitative ways of evaluating the clock’s stability
inciude spectral and femporal analysis of its frequency
and phase noise, in particular the determination of the
frequency variance crﬁ by two-time probing and the
characterization of the random variation by the pair
variance [2]. These observations have revealed a few
typicai features of feedback-controlled oscillators :

— noise charactéristics differ on long and short
timie scales, Thus, separate control circuits and feedback
signals corresponding to these different time scales are
required for efficient noise reduction;

— feedback is derived from detection of the output
signal of a discriminant. The intrinsic phase and fre-
quency uncertainty is caused, in the short-time regime,
by shot noise. It is characterized by the standard devia-
tion of the oscillator frequency _

_ 1
TN

where (} = wq/v is the quality of the coontroliing
frequency discriminant, an atomic Lorentzian line, e.g.,
wy and «y are its centre frequency and width, respectively,
(S/N)qp is the signai-noise ratio averaged over the time
. and 7 is the temporal separation of two individual
measuremenis {31, Quantum noise hmits phase stabifity
on a short or medium time scale, when technical noise
has been eliminated. On a long time scale, 1/f noise
takes over, or low-frequency drifts whose spectrum is
specified by certain dynamical features of the particular
realization of the reference, e.g., from migration and
relaxation of dislocations in crystals.

For application as the controlling frequency diseri-
minani, atomic or molecular internal resonances are
qualified, in principle, for their infrinsic invariability
and general accessibility. The official frequency stan-
dard of many years, the cesium atomic clock, refers
to the ground-state hyperfine transition of the cesium
atom [1]. Conirolling the phase of a microwave oscil-
Jlator in the short-time regime requires a low-noise feed-
back signal that may be derived from the ensemble
of the microwave-interacting atomns by laser-inducing
and detecting the atoms’ resonance fluerescence in the
microwave-optical double-resonance scheme. [4], One

&)
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represents the atomic ensemble by low-density vapour in
a cell filled with buffer gas, or better by an atomic beam.
Also, the groundstate hyperfine transitions of ions sto-
red as a cloud in a trap have been used as the reference.
Although the strength of the feedback signal derived
from an atomic or jonic line discriminant is satisfactory,
an ensemble, and certainly one that consists of trapped
ions, is prone to intrinsic systematics from incomplete
control of the ambient conditions to which the indivi-
dual members are subjected. In particular, the differing
tocations of the individual particles in presence of ampli-
tude or phase gradients of the ambient fields give rise to
frequency shifts which limii the repreducibility of mea-
surements, i.¢. the temporal stability.

In spite of these problems, electrodynamic traps hol-
ding some 10° ions do very well in the rf and microwave
regime [5-8]. They are less competitive, however, for
short-term frequency stabilization of optical frequencies,
with focal Fabry-Pérot resonators, Although the spec-
tral resonances of such a device aré not universal, they
are equally spaced and combine sharpness, i.e. high ¢
values, with excellent signal-noise ratio of the feedback
signal. Thus, an ideal trap-based frequency standard is
composed of i} an oscillator represented by an if syn-
thesizer or a frequency-tunable phase-stable single-mode
laser, ii) a high-finesse optical cavity, or a malti-ion
trap, for short-term phase and frequency conirol of the
oscillater, and iii) a single-ion trap that provides long-
ferm frequency control for the elimination of slow fluc-
tuations and drifts (Fig. 1). We shall assume that the
actual control is effective for time intervals longer than
a few microseconds, and that the 1/f-noise intrinsic to
the oscillator does noi show up on the time scales of
interest, say, up to 10* s. When we want to outdo cur-
rent Cs atomic clocks, the frequency instability shouid
not exceed 107%. On the other hand, high stability is
prerequisite for ukitizing the superior accuracy of single-
ion frequency representation whose residual inaccuracies
may not exceed one part in 1018 [9].

TI. OPTICAL CAVITIES

A focal optical cavity is made up by two spherical
mirrors facing each other at the fixed distance d such
that the phase of a light wave of frequency v = ¥,
reproduces aiter a round trip if 2 nd »/c is an inte-
ger ¢, where n is the index of refraction between the
mirrors. The resonances v, of the cavity are spectraily
spaced by Av = ¢/2nd. Confocal cavities (2f = d,

" e.g., where f is the common focal length of the mir-

rors) fulfil a resonance condition for phase reproduc-
tion perpendicular to the cavity axis whose resenance
values are degenerate and interspaced between the above
resonances of the longitudinal cavity medes, such that
Aveons = ¢/4nd holds [10]. The shape of these reso-

210




P, E. TOSCHEK. — NGISE OF A SINGLE-ION EREQUENCY STANDARD

LIGHT ’
MICROWAY[D

@lal 20
@ b o

LIGHT

[

o

T e @
oﬂ 7 @

L‘(JN T ROL LN

Fi5. 1. — Schernalics of a frequency standard based on a single ion.

Top : A miicrowave oscillaior shori-term- frequency-controlled
by resonance fluorescence from a cloud of jons in an electrodynamic
trap, and long-term controlled by fluorescence from a single ion,
Boitom : A laser osciltator whose shori-term frequency stability is
provided by a tesorance of an optical cavity.

Schéma d'un Stalun de fréquence & ion anigue.

En haut : un oscillatenr microondes dont Ia fréquence d court
terme est commandée par la résonance de fluorescence d'un niage
d'ions danys un piége électrodynamique, et dont Ia fréquence ¢ long
terme est comnandée par Ia fluorescence d'un ion unique. En bas :
wer oscillateur laser dont la stabilité de fréquence & court terme est
Journie par une résonance d une cavité optique.

nances is eséentially represented by the Airy function of

the transmission of a (fiat) Fabry-Pérot etaion, and their
Jinesse F' = 2xAv/~, where «y/2m is the full width

at half maximum, may exceed 10° when the mirrors

are coated with advanced dieleciric multi-layers [11].

- Controlling the oscillator frequency by 1079, is by bet-
ter than 1 Hz in the optical domain. A cavity as large
as the earth, when expanded by a hair’s width, would
shift the frequency by intolerable 300 Hz. Consequently,
scrutiny of all possible sources of length shifis and fluc-
tuations is indispensable. The foremost of these pertur-
bations of a typical cavity (#' = 10°} whose mirrors are
supported by a spacer rod of glass ceramics d = 30 cm
long, and of 4 kg mass, are listed here, according io
I. Bergquist et al. [11] :

i) Quantum fiuctuations of the light, and the cor-
responding shot noise of light pressure, would make
the cavity length d fHacmate. While the strength of the
noise varies as the square root of the photon number
N accomulated during the time of a measurement, the
standard deviation of frequency determination decreases
by 1/+/N. With unit detection efficiency, the optirmum
value of the fractional uncertainty of d is found 5 x
10722 m /Af/Hz at 3 W input. power, where Af is
the frequency bandwidth of the detection. Thus with a
‘typical 100 W conirol signal guantum fluctuations do
not contribute at the 105 level.

310
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i} The 100 xW input power to the cavity generates
some 3 W iniracavity finx, resulting in a light force
acting onfo the centres of the mirrors, which deflects
the mirrors to the effect of 10715 fractional change of
d, or 0.5 Hz frequency variation. This. effect imposes
significant restrictions to the level of stabilization of the
light flux (which must not vary in excess of 10% for
1 mW input, e.g.). In contrast, expansion of the spacer
turns out to contribute on the order of negligible 10~17
only.

iii} Absorption of light that takes place even in the
low-loss mirror coatings gives rise to local heating.
Frequency shifts up to 20 Hz per oW of light input
to the cavity have been observed. This problem, and
also the effect of radiation pressure, may be relieved by
increasing the cross section of the light beam impinging
on the mirrors. '

iv) The thermal noise in the spacer has been esti-
mated to contribute, at 300 K, a mean variation of
Ad ~ 2 x 107 m corresponding o some 1 Hz
frequency excursion at the fundamental vibration mode
of the cavity rod, which is wg /27 =~ 10 kHz. However,
with an actual time of measurement 7 smaljer than the
decay time of the fundamental vibrational mode, mp =
2Qm/wo = 10 s, where ¢, is the fractional energy loss
per vibrational cycle, that variation is reduced by 7/7.
Thus, for suitable duration of the measurements, thermal
noise has little effect to the frequency stability.

v) Thermal expansion is 107%/K and would require
temperature control on the micro-Kelvin level. Since the
cavity rod is suspended in vacuum, the coupling with the
environment is mainly radiative with a long relaxation
time. Temperature variations that do not exceed 10 mK
will thus induce frequency drifts not exceeding 1 Hz/s.

vi) Fluctuations of the residual pressure will induce
corresponding variations of the strain in ‘the spacer
rod that gives rise to Aw/v ~ 1078 However, the
corresponding variation of the index of refraction is
n—1 ~ 3 X 107% p/Pa which yields 15 Hz shift at
p = 107" Pa, and 1.5 Hz variation with 10% pressure
fluctuations.

- vii) The most serious perturbation is traced back
to ambient vibrations including micro-seismic activity.
While the cavity may be isolated against high-frequency
components by a support consisting of shock-absarbing
sheets sandwiched between. passive masses, low-
frequency noise requires specific attention. Pendulum
suspension isolates against horizoatal vibration, and
spring-loaded suspension provides vertical isolation;
both must be suitably damped. These suspensions may
be designed as to eliminate variations of the cavity
length that exceed 10~ 2. However, the points of support
in general do not periectly match the distributed weight
of the cavity red, giving rise to strain in the rod and
Its suppert, and to corresponding deformation. This pro-
blem may be relieved by suspension in the nodai points
of the vibrational modes of the cavity most subjected to
excitation. -
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The laser oscillator is frequency-locked to a resonance -

of the cavity by the Pound-Drever method [12]. The light
is phase-modulated, reflected ofi the cavity, detected,
and demodulated. The resulting feedback signal, used for
frequency shifting the laser oscillator, is antisymmetric
as a function of its detuning from the cavity resonance,
and it shows a steep linear discriminant on resonance.
Over a range on the order of the modulation frequency
the signal is negative for positive detuning and vice
versa, such as to provide feedback even for substantial
sudden excursions of the laser frequency. The fidelity of
locking is as high as to routinely limit the mean laser
offset from the cavity resonance to the sub-Hertz level.

1. MULTI-ION TRAPS AND CLOCKS

When a universal natural resonance is preferred as
the discriminant, the numerous narrow lines of a mole-
cular gas may do (f3,Tes), or an atomic vapour in a
cell immersed in background gas, or an atomic beam.
However, the absolute value of the oscillator frequency
determined by the discriminant is usually uncertain
to the extent of line shifts by atomic collisions and
ambient fields. An alternative reference is an ensemble
of, say, 10° ions in an electrodynamic trap. Unlike with
a metal vapour in a cell, there is no background gas.
Uniike with an atoinic beaim, the ion ensemble is confi-
ned in the interaction region for umlimited ¢@ime, and
transit-time kine broadening does not take place. How-
ever, in the optical regime, the lines of this ensemble
are inhomogeneously broadened and shifted since ions
in different focations in the field of trap and space charge
perceive different fields, and the individual ions move
with a different amplitude of their micro-motion dri-
ven by the trap drive. Each ion class of equal projec-
tion of velocity on the direction of light propagation
shows time-varying Doppler shift of diiferent frequency
excursion that also limits the interaction time via the
modulated spectral overlap of light and line. Still, nenli-
near optical spectroscopy has derived narrow resonances
(Lamb dips, electronic Raman resonances) providing
discriminants that are reasonably free of uncontrolled
or non-quantifiable perturbation [13}.

In fact, multi-ion iraps seem best gualified for fre-
quency conirol in the microwave regime where Doppler
effects are insignificant. An electrodynamic trap of Paul
type (Fig. 2) consists of a ting electrode and two electri-
cally connected cap electrodes. A radio-frequency vol-
tage between ring and caps generates an ac field, with
a saddle point in the cenire, whose amplitude increases
with the distance from the centre, and which drives the
vibrating ions. The ions’ kinetic energy of the driven
micro-motion may be considered the potential of their
free motion in the trap, the secular motion. This poten-
tial is superimposed by the space charge of the ion cloud
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F1G. 2. — Scheme of an elecrodynamic (Paul) jon rap.
Schéma du piége ionigue électrodynarigue (dit de Paul).

and ambient parasitic spatially inhomogeneous electric
and magnetic fields, which may be partially compensa-
ted by multipolar dc fields from extra electrodes. Typical
clock lines are the ionic ground-state hyperfine transi-
tions F = 0 — 1, mp = 0 — 0, which show no
linear Zeeman eifect and thus are insensitive to0 magne-
tic field fluctuations and field inhomogeneity. Frequency
standards have been demonstrated using the correspon-
ding lines of Bat{5], Hg*[6], and Yb*[7, 14]. Here,
the feedback signal is derived from an rf-optical dou-
ble resonance measurement [4] : laser-excited resonancé
scattering vields many optical photons per individual
excitation of an ion on the hyperfine clock transition,
when probing takes place on a cycling resonance lme
(Fig. 3)

UV-laser flua.

l microwave

FiG. 3. — Microwave-optical double resonance scheme.

Schéma de la double résonance microonde-optique.

Let us briefly model a double-resonance measure-
ment : pulsed interaction with the signal wave, i.e. the
microwave radiation, is followed by probing one of the
energy levels with resonant light scattering. There may
be one signal pulse that has pulse area 7 on resonance,
and less elsewhere (Rabi resonance), or two pulses of
area /2 on resonance (Ramsey resonance). The cohe-
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rent evolution of each of the ions at the clock frequency
obeys the equation of the spinning top :

@) dffdt=u' x 1,

m a coordinate system rotating at frequency w, where
J is the vector of angular momenium (J = 1/2,|J| =

J(J+1)), and o' = (wp — w)Z + wi¥, where
—poBgff = wy — wop is the Larmor frequency in the
ambient dc magnetic field Byz (wgg is the resonance
frequency in zero field), and wy = — g B; /A is the Rabi
nutation frequency of the ion corresponding to the ampli-
tude By of the microwave magnetic field ¥B; cos wi.
Initially, {(J{¢ = 0)) =Z]{J,(0)}|. After N ions having
interacted with the signal wave for time 7, and some
have been transferred to the upper level [+), their
fluorescence scales as :

(3) {Np(m)) = N(w1 /)2 sin? Q71 /2,

where 0% = (wg —w)?+w?, with single-pulse excitation
(Rabi). With double-pulse excitation (Ramsey), one finds
close to resonance, |wy = w| <€ wy,

(4)  (N(T)) = N/2— N{7.(0)) cos{wo — w)T,

when the time T of free evolution is sandwiched bet-
ween the two pulses of length v < T. In the case
of '™ Yb™, fluorescence on the line Sija(F = 1) —
Pijp(F = 0) — not quite cyclic due to spurious off-
resonant P, /3(1} excitation — marks signal excitation
on the ground-state hyperfine transition F = 0 — 1 at
12.6 GHz (Fig. 4). Monitoring the frequency deviation
Tequires a sequence of measurements, and the feedback
signal is derived from measurements alternating on the
upper and lower wings of the line, and on-line compa-
rison of the fluorescence yield. Rabi-type detection on
some 109 Yb ions has shown a 0.4 Hz-wide line, when
the microwave oscillator was controlled by the double-
resonance signal with tie residual frequency instability
2 x 1071 /s/7 171.

A recently recorded Ramsey resonance of about hun-
dred '™ Ybt ions is shown in Figure 5 [15]. Also,
double-resonance signals less than 10 mHz wide have

F=1 6 2

—_— P
T P Tz
21 6Hz L p g .
. Tk
F=2 ,
£|. 54Dy
M F=1
w
M

12.642 GH=z

FiG. 4. — Partia] level scheme of 171YDII.

Schéma partiel des nivedix pour 77TYBI,

5410

377
700

- photon counts
—N

-2 -1 0 I 2
microwave defuning A v ( kHz )
FIG. 3. — Microwave-oplical double resonance signal

of 100 171Yb* ions in a trap, that may be used
for the generation of feedback to the oscillator.

Schéma de double résonance microonde-optique
pour 100 ions 174¥b* dans un pidge, qui peut étre utilisé
pour la génération d une rétroaction dans U oscillatenr.

been demonstrated with much larger clouds of f71YbT
ions [14]. In these measurements, the noise on the obser-
ved signals — and the potential frequency stability of a
lacked oscillaior — is eventally limited by the shot noise
of the fluorescence detection, whose overall efficiency is
determined by the spatial angle of detection — less than
10% of 4 7 —, and by the efficiency of photon counting
being well below unity. ' '

IV. SINGLE IONS

Some years ago, the preparation, manipulation, and
deteciion of a single ion confined in an elecirodynamic
trap have been demonstrated [16]. Laser cooling [17-19]
makes eliminate the ion’s motion and allows to localize
the ion in the very node of the if field in the centre
of the trap, unlike with the Coulomb-repelling ions in a
cloud. Consequently, Doppler efiects and Stark shift are
absent, along with transit-time line broadening, since the
time of interaction with the light is effectively unlimited.
While field gradients do not affect the ion, slow temiporal
variation of the ambient magnetic field may be allowed
for by alternating imeasurements on symmetrically up-
shifted and down-shifted Zeeman components of a line.
The Stark shift by black-body radiation is well known
[20] and may be corrected for.

Since the intrinsic inaccuracy of a frequency standard
based on a single ion is so small, the actual frequency
instability should be adequate in order-to limit the dura-
tion of measurement required to represent the accurate
frequency. However, the signai-noise ratio- of the single
ion’s laser-excited fluorescence is restricted by satura-
tion. Although guantum-limited. photon counting rates
on the order of & x 10%/s have been routinely achieved,
it needs an additional strategy to overcome the effect of
noise on the feedback :
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{i): Dark lines as a frequency reference : the fluctua-
tions of the controlled frequency are minimized by using
a narrow nonlinear resonance as the stéep frequency dis-
criminant for the control. A line applicable for this pur-
pose is the electronic E2 transition 55 — Dy of the
Bat ion (Fig. 6). When two-photon excited as the fre-
quency difference (electronic Raman excitation) by light

“at 493 nm and 650 nm, close to one-photon resonance
lines S15 — P1so and Py g — Dy, this transition gives
rise to a dark line [21] which is the signature of a rapped
state-[22] : optical pumping generates a coherent super-
position of the § and I} states that decouples from the
light, cannot be excited any more, and stops scattering
light. Since the Dy, ievel lives 48 s [23], the natural
width of this line is 10 mHz only. A non-zero magne-
tic field is required in order to avoid optically pumping
the ion to a Zeeman level inaccessible by the linearly
polarized laser light. Four Zeeman-shified transitions are
two-photon allowed when the pelarization of the light is
linear and perpendicular with the magnetic field, namely
mz(812) = £1/2 — mi(Dasp} = £1/2, F3/2. They
form dark lines which show up in an excitation spectrum
of a Bat ion’s fluorescence upon scanning the red laser
one of which is shown in Figure 7. The observed widihs
of the dark lines are mainly caused by residual power
broadening. A linewidth of 10 kHz seems feasible, recor-

.ded with 5/N a2 50. When the red-laser oscillator were
frequency-locked to one of these dark lines, the diffe-
rence of green and red laser frequencies generated in a
nonlinear crystal would establish a standard frequency
of. mean standard deviation o, =~ 4 x 1073771/2, So
far, this approach siill falis short of outperformmg the
prec1s1on of an up-to-date Cs clock.

493 nm |

12

-172

Fii. 6. — Parlial level scheme of Ball including Zeeman effect.

Schéma partiel dex niveaux Balf incinant I effet Zeeman.

(ii) Opio-optical Rabi-type double resonance detec-
ted by quantum amplification : the ion may be exci-
tated by pulses of the signal wave which is laser light
that matches 2 corresponding high-C}-clock transition,
e.g: the B2 line Ball Sy, — Dy, at 1.76 um (Fig. 8).
Possible excitation on this clock line is sequentially
probed by interrogating the appearance of fiuorescence
on a neighbouring optical resonance line, as the Ball
5172 — Pyye line. Present fiuorescence proves, with
unit. efficiency, the ion to remain in the ground state,
absent fluorescence signals the ion to be on the Dy/s
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T10°

photon counting rate

-100 =30 0 50 100

(=]

detuning at 650 nm (MHz}

Fis. 7. — Fluerescence of single Bation vy deluning
of red Juser light {“excitation speeroum™).

" Four dark lines show up that correspond to the allowed two-
photen transitions Sy (m =% 1/2) — Dap (m =+ 1/2, 7 3/2).

Fluorescence d' un ion isolé Ba*t en fonction du décalage
de la lumiére du laser rouge (« spectre d excitation »).

Quatre ligucs noires senf observées qui correspondent dux
transitions permises @ dewx photons © S (m= X 112 ) 3 Dyt =
=102, F 3/12)

three—Jevel system ; quadrupele transition

PI/E ]

Dsfo
Dy

'L:-_iser.l —‘
laser 2 & - | J _ l j

deiection

time -

FiG. 8. -— Scheme of opte-optical double resonance
on a single trapped ion, making use of quantum amplification.

Lasers 1 and 2 alternate ; lager 3 (continuocusly on) repumps the
ion from the Dy metastable level. When signal laser 1 succeeds in
exciting the atom to level Dsp, subsequent pulse of laser 2 cannot
excite Tesonance scattering on the line 5-P. With laser 1 detuned
from resonance by the frequency of the frec ionic vibration in the
trap (secular frequency), selected vibrational states I} are acces:
sible by side-band excitation when the jon is initially prepared
in [0}

Schéma de Io résonance double upto-optigue & un fon piégé unigue
qui fait usage de I amplification quantique.

Les lasers T et 2 sonf intermittents ; le faser 3. (en continu}
repompe Uion 4 pariir du niveaw métastable Dy, Lorsque le
signal laser 1 réussit a exciter I'atome aun nivean Dsp, Uimnpulsion
ulftérieure du laser 2 ne pewl pas exciter la vésonance diffusée sur
la ligne S-P. Grdce au laser | décalé de la résonance par la
fréquence de g vibration ionigue libre dans le piége (fréquence
séculaire), les étais de vibration yélectionnés fn) sont aocessibles &
{ excitation latérale lorsque I ion est initialement préparé en j0).
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fevel. This is in fact a digirized variant of the previous
double-resonance scheme which is now combined with
the concept of guantum amplification [24, 25]. When
the detection cycles with zero fluorescence are accuo-
mulated, and their number is recorded vs the stepwise
scanned frequency of the laser radiation, this distribu-
tion is an excitation spectrum. Such a spectrum accu-
mulated for 130 s is shown in Figure 9; it represents
the 6251 2(m = +1/2) & 52Dyp(m = +3/2) com-
ponent of the E2 line. Its line shape may be used as
the discriminant for controlling the oscillator frequency.

i3

=
na
T

FWHN: 63kTTz|

Absorption Probability

=
—
T
L

0 Sdmh
C-L0 -05 0 405 +10

Detuning {MHz)

FiG. 8. — Absorption probability (normalized number of ne fluo-
rescence evenis) of a single cold Ba* jon excited on the 8,5 —Dsp,
E2 hine at 1,76 pm, vs detuning of this light from resonance.
Flucrescence is excited on the §;, — Pryy resonance line, and red
light (650 nm) prevents optical pumping into the D4, state,

Probabilité d'absorption (nombre normalisé des événements sans

Huorescence) d un ion ixolé froid Bat excité sur la transition E2 :

Spa — Dsyg 6 1,76 pm en fonction du décalage de la lumiére par

rdapport 4 la résonance. La fluorescence est excitée sur la transi-

iion résonanie S;; — Pjy, et la lignidre rouge (6350 nm) empéche le
pompage optigue vers le niveau Dy,

Detuning the frequency to the lower wing would be
made alternate with tuning to the upper wing, and from
the difference of the recordings the feedback signal
would be derived that controls the oscillator’s mean fre-
quency. The noise intrinsic to the frequency excursion
of the oscillator is related to the readout of the ion state
after coherent preparation by a pulse of signal light.
Subsequent probing the appearance of fluorescence is
equivaient to projecting the ion into one of the energy
eigenstates of the signal line. With the E2 line of Bat,
an on sigpal projects it to the ground state S /2. an off
signal to the excited state Ds;o. The detection of the
energy eigenstate of the ion thus represents a measu-
rement incompatible with the ion’s preparation, by one
palse of signal light, in a superposition state. In general,

710

379

the recorded data of repeated measurements are distri-
buted around the expectation value as required by quan-
tum uncertainty. This distribution has maximum variance
after dipole excitation by a /2 pulse, The results coin-
cide, however, if the ion had been prepared, ¢.¢., by a
7 puise, in an energy eigenstate. The randomness of
incompatible detection which is at the very heart of
quantum mechanics, gives rise to fluctmations of the out-
come of sequential frequency measurements even after
having identically prepared the ion.

(iii) Microwave-optical Ramsey-type double reso-
nance detected by quantum amplification. The detection
of individual acts of excitation of a single ion on the
clock fransition by probing the ion's fluorescence may
aiso complement double-pulse excitation. This proce-
dure is outlined in Figure 10, where the pulse sequences
of resonantly scattered wv light, microwave signal,.and
photen counting are indicated. A pulse of uv light pumps
the ion to the F’ = { ground-siate. It each of the sub-
sequent microwave pulses is a /2 pulse, the ion will
be invariably found in the npper state upon the next pra-
hing of the uv fluorescence. Otherwise, the uv light may
or may not generaie a burst of flrorescence to be detec-
ted by the photomuitiplier. These random resalts which
correspond te finding: the ion in the state ' = 1 or
0, respectively, are distributed such as to reproduce the
expectation value of level popuiations, and its variance.
Detuning the microwave off resonance makes vary the
expectation value (N} periodicaily. With a large num-
ber of accumulated observations, Ramsey fringes show
up. At mid-wing of a fringe, the results are equally dis-
tributed over upper and lower state, since the double-
pulse excitation corresponds to-a total /2 pulse that

UVEEV
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Fic. 10. — Schematics of Ramsey-type microwave-optical
double resonance on single ion.

The switching sequences of the Uv laser light that excites reso-
nance scattering, of the mictowave, and of the photomultiplicr are
shown. Afier »# cycies, the two radiations are simultaneously swit-
ched on for optically cooling the ion. An individual measurement
finds 1he ion in the upper or lower hyperfine state. 'I‘hc results are
random and distributed by a binornial distribution.

Schéma de Ia donble résonance microonde- opuque
de type Ramsey.

Les séquences de décienchemenr correspondant @ la hanidre
laser UV gui excite fa fluorescence, & ln microonde et au photo-
multiplicatenr sont mises en évidence. Au bout de n cycles les dewx
rayont ts sont simulianément déclenchés pour le refroidisse-
ment optigue de 'ion. Une mesure individuelle frouve Pion dans
' état hyperfin supérienr ou inférieur. Les résultats sont aléatoires
el distribniés selon une distribution binomiale.
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generates a dipole. Tt will be shown that this preparation
of the ion relates to the largest possible variance of the
probing results. Figure 11 shows a Ramsey spectrum of
a single *"*Yb* ion accumulated from 50 scans of the
microwave frequency across the hyperfine transition.

280

210

photon counts

1 1 1
2120 90 60 30- O
microwave defuning A v (Hz) .

140

Fis. 11, — Spectrum of Ramsey-type microwave-optical double
resonance (“Ramsey fringes™) observed on a single trapped and
coeled !71Yb* jon. Dots : Numerical fit, Microwave frequency at
Ay =0 is 12 642 815 400 Hz (B, = 3211 uT) which is Zeeman-
upshifted from zero-field resonance at 12 642 812 118 Hz.

Spectre de Ia double résonance microonde-optigite de type Ramsey

ffranges de Ramsey) observé sur un ion 17I1Yh+ piégé et refroidi.

Les points correspondent a une régression numérique. La fré-

gquence microonde G 8v = ( de 12 642 815 400 Hz (B; = 321 uT)

est décalée vers le haut par ¥ effet Zeeman 4 partir de la résonance
enchamp nul 8 {2 642 812 118 Hz.

V. QUANTUM PROJECTION NOISE

The fluctuations caused by the uncertainty of a quan-
tum measurement have been analyzed by Itano er al.
[26]. : o

Let us assume the ion to be in state |J = —1/2) =
|-} initially. For resonant excitation (w = wg) on the
clock line, |—) — |+), the probability of finding the ion
in state [+) is {(+]J.|+) = py = sin?(Q7/2), where
€ = wy since w = wy. In a double-resonance measure-
ment with Ramsey detection, the spectral distribution of
the probability is periodic, varies as :

®  on= 3 [ conte — wn)T],

and shows maximum uncertainty at half maximum of
the signal where the superposition state is prepared with
equal contributions of the ground and excited states.
The widih of the distribution, around py, of .test
results finding the ion in state |+ is characterized by the
variance of the projection operator Py == [+ >< 4| :

(6) o%() = (Py— (PO |
= (P = (P) = p+(1—p4).
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This width is maximum for p; = 1/2, comresponding
to equal superposition of states. If the trap containg
N = (N_) + {N}) ions, the probability of detecting a
particular value (V) = Np, is a binomial disiribution
whose variance is :

(7) oA (V) = Npi(L=p3).

The corresponding uncertainty of the frequency determi-
ned from the photon counting rate via the line discrimi-
nant is : :
® 18wl = o (my 20 v,
since both the standard deviation o and 9{N,}/0w
" vary, upon detuning, as sin(w — wp)7. This result holds
with N uncorrelated ions, initially prepared in one of
the two eigenstates of the signal transition. However, if
the preparation is not known with. certainty, or if there
is additional noise of the detection, Aw does depend on
the actual detuning of the wave from the peak of the
line. It is smallest for maximum slope of the line shape,
i.e. at the half-maximum points [27].

Observations of projection noise have been reported
on a single Hg* ion in an electrodynamic trap, and on
ensembles of Bet ions in an electromagnetic trap J26].
In order to profit from a large ion number with minimum
spurious perturbation introduced, localization of afl ions
in field-free positions is required. This condition is
almost met by ions on the axis of a linear electrodynamic

trap.

VI. SPIN SQUEEZING

One may do even better than indicated by eq. (8)
when correlation is established among the N ions prior
to the double-resonance measurement [27]. It is useful
to describe the ions by uncorrelated angular momen-
tum eigenstates (Dicke states) |J, M}, where J = N/2,
and the ground state of the system is M = —J. The
dynamics of the ions again obeys eq. (2). The improve-
ment is quantified by defining the squeezing parameter
& = |Aw|/|Awps| = Ap/Apps = V2JATL /D),
where AJ, is the transversal standard deviation of J in
the direction of roiation. The actual standard deviation
of finding the state rotated by ¢ in configuration space,
Aw = AJy J|{0}], is compared with the analogous stan-
dard deviation Agps = (2J)"Y/2 of a rotated Dicke
state. A Dicke. state describes uncorrelated ions which
remain uncorrelated irrespective of the rotation, ie.
after the application of the Ramsey pulses. This squee-
zing paramefer measures the sensitivity to rotation in the
configuration space. It is : -

(9) &r = VETAL(Er)/ 1, ()]
: = V2J AT, (0)/ (T (0)),

B/10
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when the ions start in the state |J, ~J) at time zero, the
rotation is about the w-axis, and ¢y is the duration of
the measurement, i.e. the time after the second pulse. A
large value of {.J,(0)) and a narrow distribution A7, in
the direction of rotation resuit in the desired small £g.
Since best correlation yields |Aw| = 1/TN, the squee-
zing parameter has a lower boundary, £g > 1/v/N.
The standard deviation of frequency corresponding to
the smallest value of £ improves, upon increased ion
number, as N~ instead of N~1/2 admitting a substan-
tial gain of precision of the frequency control.

As for the representation of particular correlated states
and ways of generating them, we summarize herc rce.ultv.
of Wineland et ai. 127, 28]

Suitable correlations of two ions (W = 2, J = 1}
have been found to be described by the initial state :

(10) o
P(0) = (20051129) 1/2(8_61+) |+)2+6 |=)al=2),

which is the special case J=1, M =00of :
(11} 4(J, M,8) = Crexp(—8.J, — inJ,/2)|J, M),

[29]. For f — oo, this is |1, —1 > with &g ~ 1, but
in the limit § — 0, & =~ 1/v/N = 1//2, i.ec. this
state allows optimum squeczing. It is transformed, by the
interaction with the Ramsey pulses, into the entangled
state : : )

A2)  Pltp) = 272N =)e + =) l+)2)

which is characterized by corelation of the Epr type [30].
The entanglement indicates why the uncertainty of the
outcoime of a2 measurement is reduced. The mean value
of the upper-level population {N, (t)} of the state of
eq. (10) is shown in Figure 12 in comparison with the
uncorrelated Dicke state |1, —~1). Note that at the total
Ramsey phase shift 7 /2, which characterizes excitation
on the wing of a fringe, the uncertainty of frequency,
|Awl, is reduced !

~ Although identifying states of minimum &g is not
giraightforward for N > 2, the states of eq. (1i) have
been shown to allow minimum values of the squeezing
parameters 1 > £g > 1/+/N for N > 2 [31}.

A correlated spin system may be generated by cou-
pling the system to a squeezed harmonic oscillator follo-
wed by transfer of the squeezing by radiative interaction
via electronic Raman excitation. This coupling is descri-
bed by a Jaynes-Cuminings Hamiltonian whose oscilla-
tor usually represents a field mode. However, the JC
Hamiltonian may also describe the harmonic centre-of-
mass motion of the trapped ions coupled to their internal
excitation that is represented by the spin system [32].
More specific, the harmonic oscillator may represeént a
made of collective vibration of V ions arranged along
‘the nodal line of a linear trap, which is mediated by the
Coulomb repulsion of the ions. Let us assume that the
cellective fon vibration has been manipulated such as to
show reduced uncertainty in one quadrature of its phase
space. Irradiating the ions with light pulses of area 04

910

(@, - )T J_

FIG. 12. — Spin squeszing,

Mean population {V,. (£} of state 14} after second pulse at =i+
27, vs (6 — )T, and &, (bars), for ion initially in (0} (eq. 10}
Dashed line : 8 — oo, u,u(ﬁ)—)ll -, o, - 0adw=wy-n=0,
mT since camesponding (¢} is energy eigenstate !, 1},
[1, — 1), respectively. Howcvcr N, YO ~ &, and lAwi (eq. §)
does not improve, Full line : Ions corelated; @ = 1/4 ; here o, &,
and lAql are reduced at Sw = #/2T, b increased ar 0, /T, Afier
D. I. Wineland ef af. [28].

Compression de spin.

Population moyenne (N, ( tfj} du niveau [+} uprés la dewviéme

impulsion & tp= t + 27 en fonction de (@ — @fT et @, (barres)
pour Fion inttialement en w(0) (eq. 10). Ligne en pointillés : 8 —
co, Wi — /1, — 1), 0, 204 dw = oy~ 0= 0, &T puisque le
Wty correspondant est un élat propre d'énergie [, 1 Pl
{1, = 1), respectivement. Cependant, N, Ydtw ~ ©,,-et Aoy (eq. 8)
1w’ améliore pas. Ligne en fraits pleins : ions corrvélés ; 0 = 114 ici
o, &, et |AY sunt réduits @ S = m2T, mais accrus & 0, ©T
{d aprés D. J. Wineland et al. {28]).

on the fivst vibrational sideband may transfer the squee-
zing to the internal degree of freedom. From a pertur-
bative solution of the Heisenberg equations of motion,
the parameters of the oscillation’s squeezing, &,, and of
spin squeezing, £g are found to obey :

(13)  EE(t) = cos® VNQut + £2(0) sin? VNQuL,

where {1, is the Rabi frequency of the radiative interac-
tion used for the transfer, and {; is the squeezing para-
meter that characterizes the preparation of the ions in
a squeezed vibrational state. Thus, for optimized pulse
area, £g, varies in proportion with £;. Numerical calcu-
lations reveal, however, that the résulting i turns large
again for £, approaching small values, i.e. the irans-
fer is inefficient with small vibrational squeezing. Siil,
£r < 0.5 may be achieved with .JJ > 10 (¥ > 20). On
the other hand, these calculations show that &r < 1 may
result even from coupling to a non-squeezed oscillator
in’ a coherent state. Moreover, replacing pulsed prepara-
tion by cw interaction at twice the frequency of vibration
may result in parametric pumping of squeezed vibration
and transfer of that squeezing to the spin system.

The implementation of this complex program
requires, first, to prepare states of trapped ions in cohe-
rent or squeezed states of their vibrational motion. This
step has been implemented very recently, at the National
Institute for Science and: Fechnology (Boulder, Colo.),
by laser-stimulated Raman excitation of vibrational side-
bands to the groundstate hyperfine transition of a 9Be*
ion [33]. Vibrational Fock, coherent, and squeezed states
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have been demonstrated. Alternatively, the ion vibration
may be manipulated by driving a narrow optical tran-
sition on a sideband generated from modulation by the
centre-of-mass motion. At Hamburg University, a single
138Ba+t jon has been laser-excited on these vibrational
sidebands of the E2 line 51 /5 — D5 5, in order to establish
the JC' coupling to the ion vibration. So far, a vibrational
Fock state seems to have been prepared [34]. Although

efficient transfer of squeezing to the collective spin of

a mulii-ion ensemble remains to be demonstrated, these
results seem encouraging. They show that quantum pro-
jection noise is not supposed to remain a fundamental
limitation to high-precision frequency measurement and
control, when nsing a narrow line of correlated ions in
a trap as the frequency discriminant.

Noise reduction is not the only subject expected to
benefit from the generation of correlated staies and spin
squeezing in well-defined ensembles of ions confined
in a trap. Such correlated ensembles have been found
useful for the implementation of gates for quantum
computing [35, 36]. The analysis of projection noise in
these prospective devices will need and justify particular
atiention.
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